Results of molecular mechanics simulations of axial and torsional deformations of a single wall carbon nanotube are used to find the Young's modulus, the shear modulus and the wall thickness of an equivalent continuum tube made of a linear elastic isotropic material. These values are used to compare the response of the continuum tube in bending and buckling with that obtained from the molecular mechanics simulations. It is found that the strain energy of bending deformation computed from the Euler-Bernoulli beam theory matches well with that obtained from the molecular mechanics simulations. The molecular mechanics predictions of the critical strains for axial buckling and shell wall buckling do not match well with those derived from the Euler buckling formula and the Donnell shell theory.
Introduction
Since their discovery in 1991, both single wall and multi-wall carbon nanotubes have become an active area of research. This is partly due to their having an extremely high specific strength and stiffness. These properties and their cylindrical shape allow for their potential applications in such diverse fields as fibrous reinforcement, atomic level piping and nanostructures. The structural applications of carbon nanotubes require that we ascertain their macroscopic properties. Previous experimental and theoretical studies have tacitly presumed that they can be mod- 3 , they all assume a wall thickness of 3.4 Å, which is the separation distance between adjacent walls in a multi-wall nanotube (MWNT). The scatter in the experimental data is partly due to the poor resolution at these extremely small scales. There is less scatter in the values of E computed from the MM simulations; E so found is close to 1 TPa. Yakobson et al. 1 state that the pi-bond length, 0.66 Å, is a better choice for the wall thickness because it more properly models the wall buckling behavior of nanotubes. * The material in this chapter has appeared in Physical Review B (69), 2004, Art. No. 235406 When designing composites with carbon nanotubes as reinforcements, it is imperative that one replace a nanotube by an equivalent continuum structure such as a fiber or a hollow cylindrical tube. The response of the continuum structure to different deformations should closely mimic that of the carbon nanotube. Here we find a cylindrical tube made of a linear elastic isotropic material whose response to mechanical deformations is equivalent to that of a single wall carbon nanotube (SWNT); a schematic sketch is given in Figure 2 Two MM potentials, MM3 4 and the Tersoff-Brenner 5 , are used to simulate deformations of a single wall carbon nanotube (SWNT) in tension, compression, torsion, bending and buckling.
Results from the tension and torsion tests are used to ascertain whether E and the shear modulus, G, vary with the strain. Values of E and G at zero strain in terms of the wall thickness, t, changes in the diameter of a SWNT, and the relation E = 2(1+ν)G, for an isotropic linear elastic material, are used to find E, G, t, and Poisson's ratio, ν. For simulations involving the bending and the buckling of a SWNT, these values of E, G, ν and t are employed to compare the response predicted from the MM simulations with that given by the commonly used engineering approaches. 
Potentials
Two potentials used in this work are the MM3 3 and the Tersoff-Brenner 4 (TB). The MM3 is a class II pair-wise potential with both higher-order expansions and cross-terms; it is used primarily to model proteins. This potential is appropriate for carbon nanotubes due to the similarity of carbon bonding between the nanotube graphitic and the aromatic protein structures. Variables r, θ and φ used below in eqn. (2.1) are shown in Figure 2 .2. A subscript, 0, on a variable signifies its value in the unstressed equilibrium configuration. The total energy of a body equals the sum of the potential for all atoms in the body (the index j in eqn. (2.1) ranges over bonded atoms, and the index k over all atoms). The MM3 potential is given by equation set 2.1, in which the terms U s , U θ and U φ are the primary bond deformation terms; the term, U VdW , is the non-bonded van der Waals term; and U sφ , U φs and U θθ' represent cross interactions between the variables. 
Here r ij is the distance between two atoms i and j, and θ ijk is the angle between lines joining atoms i and j, and i and k. The TB potential is not a function of the angle, φ, shown in to those of the Morse potential for bond strains up to 20%. The Amber potential is a force con-stant model, therefore is symmetric and parabolic about the vertical axis; it is accurate only for small strains. The MM3, the TB and the Morse potentials have asymmetric variations with compressive deformations requiring more energy than tensile deformations of the same magnitude.
Equation (1) 2 implies that the MM3 bond strectching potential is a quartic function of the bond strain; thus the moduli computed from it will depend upon the bond strain 
Virtual Experiments
The minimum energy configuration for the molecular structure is first found. That is, all atoms are allowed to move freely until the total energy for the structure reaches a minimum. This minimum energy configuration of the structure is henceforth referred to as the relaxed structure.
For each increment in load, displacements for the deformation mode are estimated and applied to the relaxed structure. The appropriate boundary conditions for the specific deformation mode are applied by fixing the positions of suitably selected atoms to maintain the prescribed displacement. Next the minimum energy configuration for the loaded structure is found by allowing the remaining atoms to move until the total potential energy attains a minimum value. The strain energy due to deformation of the structure is determined by simply subtracting the energy of the relaxed structure from that of the loaded structure. From a plot of the strain energy vs. a measure of deformation, effective parameters for a continuum model are derived.
Two SWNT models, involving infinite and finite lengths, were used. The infinite length tubes were modeled as short periodic tubes consisting of 256 atoms, whose bonds and interactions wrapped across the axial period. The non-bonded cutoff distance was reduced to 10 Å so that atoms will not interact with each other both directly and across the periodic boundary. The periodic models were effective for quickly studying axial deformations, large compressive strains and axial wall buckling. The finite length models were used to study the torsional, bending and column buckling deformations. The ends of these nanotubes were left open which changes the bonding character of the structure and leads to edge effects. In order to mitigate these effects the boundary conditions were applied approximately 1 diameter length from the edge and the tube's aspect ratio (length/diameter) was kept above ten. Local effects, such as necking or swelling during axial deformation occur within 2 Å of the atoms where boundary conditions were applied; these were found to have negligible effect on the total energy of the system.
Unless otherwise noted, all tests were performed on a [16,0] 28 SWNT. The diameters of the relaxed tubes were 11.87 Å and 12.58 Å for tubes modeled with the MM3 and the TB potentials, respectively.
Response in Simple Tests
The axial deformation tests were performed on periodic SWNTs and did not require any boundary conditions. For the torsion test, boundary conditions were applied to two circumferential In a hollow cylindrical continuum tube equivalent to the SWNT, the simple tension and torsion tests would induce simple stress states of axial and shear stress, respectively. All of the strain energy is produced by a single stress component thereby allowing the axial and the shear moduli to be directly computed. The MM strain energy results for these tests, using both the MM3 and the TB potentials, are presented in Figure 2 .4. A smooth polynomial is fitted to the data points representing strain energies at different strains. The first derivative of this fit yields the corresponding stress component, and the second derivative gives the elastic modulus. If the degree of the best fit polynomial is higher than two, then the elastic modulus will vary with the deformation. The lowest order best fit polynomial for the tension test data obtained with the MM3 potential is third order and is given by, 
where W v is the strain energy density in J/m 3 , ε the nominal axial strain, and A(t) the cross sectional area, in m 2 , is a function of the wall thickness, t. Thus the axial modulus, E, in Pascals, is given by 6 6 ( 4.91 10 1. 18 10 ) .
The third order and the second order polynomial fits have regression correlations of 1.0 and 0.996, respectively. While both values are very high, the third order fit more accurately describes the data, as shown in Figure 2 A procedure similar to the one described above for the tension test was followed for the torsion test. Values, in Pa, of the shear moduli so found are, 
Determination of the Wall-thickness of the Equivalent Continuum Tube
The problem of finding a continuum cylindrical tube whose response to axial and torsional deformations is identical to that of a [16, 0] SWNT is complicated by the fact that its Young's modulus and Poisson's ratio should vary with the axial strain but the shear modulus be either a constant or vary with the shear strain. In order to simplify the problem, it was decided that the equivalent continuum tube is made of a linear elastic isotropic material with mean diameter equal to the diameter of the SWNT, wall thickness t, and moduli equal to those of the SWNT at zero strain. Thus, in equations (2.4)-(2.6), the area and moment of inertia are defined as where r c is the radius of the SWNT. Substitution from (2.4)-(2.6) into,
gives an equation for the determination of the wall thickness t of the equivalent continuum tube.
Knowing t, E and G can be computed from equations (4)- (6) .
The results are presented in Table 2 
Bending and Buckling of a SWNT
These simulations were done with the MM3 potential only.
Bending of a Cantilever Beam
The initial lateral displacements applied to the atoms of a 226 Å long [16, 0] The minimum energy configurations were found to closely conform to those given by the Euler-Bernoulli beam theory. The strain energy for a linear elastic isotropic cantilever beam is given by
where L is the length of the beam, δ the tip deflection, and I the area moment of inertia about the neutral axis; 
Buckling
The column, axial shell wall and torsional wall buckling were simulated by following the procedure employed for studying simple axial and torsional deformations. No initial perturbations were introduced to induce a buckling response. The four buckling modes found are shown in Figure 2 .9. A SWNT was assumed to have buckled when either the strain energy of deformations dropped significantly for an infinitesimal increase in the load or lateral deflections were very large. These invariably correspond to a noticeable increase in the number of iterations needed for the solution to converge. 
2.6.2a Column Buckling

MM3 data
Euler-Bernoulli beam theory ( )
for an Euler column is independent of the elastic modulus. For L = 171 Å, r c = 5.935 Å and t = 1.34 Å, ε critical = 0.024 and is 16% less than that for the MM simulations. 
2.6.2b Shell Wall Buckling
Two types of shell wall buckling, namely axial compression and torsional buckling, were studied. The Donnell shell theory was used to compute the buckling load for the cylindrical tube for both cases even though the ratio of the thickness to the mean radius, t/r c = 0.23, is higher than the range of validity of the Donnell theory (e.g. see Yamaki 23 ).
2.6.2c Axial Compression
The MM simulations of the axial wall buckling used periodic boundary conditions which most closely approximate simple supports. At an axial strain of 9.8%, the SWNT buckled into 2 circumferential sinusoidal waves with a single axial wave as shown in Figure 2 .9a. 
where integers closest to numbers given by the right-hand sides that yield the smallest buckling load should be used. 
2.6.2d Torsional Buckling
The MM simulations for the torsional deformations employed a 171 Å long SWNT. The tube buckled at a shear strain of 0.064 and the buckled shape had two half-sine waves in the circumferential direction. For the equivalent continuum tube, Z = 3000; thus it can be regarded as being infinitely long. According to the Donnell shell theory, the shear stress, τ s , at buckling is given by Equations (2.13) give a shear strain of 0.066 which agrees well with that obtained from the MM simulations. However, for very long shells like the one being studied here, it is generally be-lieved that the Donnell shell theory significantly underpredicts the buckling load and hence the shear strain at buckling.
One way to check the validity of the equivalent continuum tube for buckling deformations is to study the continuum problem with the finite element method. However, it has not been pursued here. with that of the sum of individual deformations and also with the same deformations applied to the equivalent cylindrical tube. The maximum difference between the strain energy for the combined deformations and the sum of the strain energies of the individual deformations for the MM simulations was found to be less than 10% implying that the response of the tube up to 6 % shear strain and 4 % axial strain can be modeled as linear. Also, the difference in the strain energy of the continuum tube and that of the MM simulations was less than 10 %. Thus the equivalent continuum model described above is quite good for analyzing deformations of the SWNT.
Combined Loading of a SWNT
Contributions to the Strain Energy from Different Terms in the MM3 Potential
In order to better understand the differences in the response in axial tension and compression deformations of a SWNT with the MM3 potential, we have plotted in Figure 2 .10 the variation with the axial strain of different terms in the MM3 potential. For deformations involving an elongation of the tube, the energy due to bond stretching is almost equal to the total energy of the tube.
The contribution to the total energy from the angle bend deformation is annulled by contributions from the van der Walls forces and torsional deformations. However, in axial compressive de-formations, energies of deformations due to van der Walls forces, bond stretching and angle bend modes of deformation are nearly the same. For the same value of the axial strain, the total strain energy of the tube is larger when it is deformed in compression than that when it is deformed in tension. Thus Young's modulus for compressive deformations is more than that for tensile deformations. Note, the discontinuity at a strain level of -0.1 is due to a shell wall buckling event.
In this event, the torsional and out of plane energies increase, or pick up load, while the other terms decrease in energy. Figure 2 .10. For the MM3 potential, variation with the axial strain of the energies of different modes of deformation.
Conclusions
We have used results of the molecular mechanics simulations of a single wall carbon nanotube (SWNT) and the relation among Young's modulus, Poisson's ratio and the shear modulus valid for a linear elastic isotropic material, to derive the thickness and values of the two elastic moduli of an isotropic linear elastic cylindrical tube equivalent to the SWNT. When the MM3 potential is used to simulate deformations of a SWNT, it is found that for the equivalent continuum tube, Young's modulus = 2.52 TPa, shear modulus = 0.96 TPa, Poisson's ratio = 0.21 and wall thickness = 1.34 Å . The strain energy of bending deformations of the equivalent tube is found to match well with that computed from the molecular mechanics simulations. Also strain energies of the combined axial and torsional deformations computed from the MM simulations matched well with that of the equivalent continuum tube. However, the responses of the SWNT and the cylindrical tube in buckling deformations where bending stiffness of the thin wall plays a noticeable role are found to be somewhat different.
